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Abstract-This paper studies the effect of handicap stroke location on the outcome of 
handicap best-ball play for two golfers. As in a previous paper where handicap match 
play was analyzed, a discrete control model is constructed and an algorithm for its 
solution is presented which gives the maximum and minimum possible best-balls for 
two players. Data collected from 10 golfers is used to compute the maximum and 
minimum possible best-balls. The results show that handicap stroke location has a very 
profound effect on the resultant best-ball scores. 
In a previous paper the authors studied the effect of the location of handicap strokes in 
match play golf matches between two golf players [4]. In this paper a similar study is 
made concerning the best-ball play of two golfers using their respective handicaps. 
Conclusions similar to those obtained in [4] are obtained; that is, the location of 
handicap strokes has a profound influence on the handicap best-ball of two players. 
In best-ball medal play for two players, the players use their lowest score at each hole 
and the total of these scores over 18 holes represents their medal play best-ball. This 
total, which does not take into account the players handicap, is referred to as their gross 
best-ball. In order for all players of various skill levels to compete against one another 
equally, the United States Golf Association (USGA) has devised a handicapping system 
in which each player receives a certain number of handicap strokes per 18 holes based 
on his previous scores [3]. In handicap best-ball each player receives a number of 
handicap strokes equal to a certain percentage of his usual handicap (usually 90% as 
suggested by the USGA [2]) at certain predetermined holes (usually based on the USGA 
allocation system [3, p. 441). Each player reduces his score on a hole by the number of 
handicap strokes that he is to receive on the hole and the so-called net best-ball on the 
hole is the lower of the two reduced scores of the players. The total over 18 holes of the 
net best-balls for each hole is called the net best ball of the team. There have been 
several studies made concerning the fairness of this system with the studies focusing 
attention on the number of handicap strokes each player should receive [l, 5, 63. One 
consequence of these studies has been that the USGA now recommends that each player 
only receive 90% of his usual handicap for handicap best-ball play for two players [2]. 
Whereas these previous studies have been concerned with the number of 
handicap strokes each player should receive, in this paper the effect of the location of 
the handicap strokes on the resultant net best-ball is considered. The results of Sec. 3, 
which are based on the scores of actual players, show quite conclusively that the 
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location of these handicap strokes has a very profound effect on the resulting net 
best-balls. 
1. EXPECTED BEST-BALL 
Consider two players X and Y playing best-ball over 18 holes. For i = 1 . . . 18, let Xi 
(Yi) be the random variable which represents player X’s (Y’s) score at hole i. For each 
i=l... 18 and k=l... 10 let fi(k) = Prob{Xi = k} [gi(k) = Prob{Yi = k}] be the prob- 
ability distribution function for the random variable Xi (Yi), and let Fi (Gi) be the 
corresponding cumulative distribution function 
F;(k) = zk fiti). 
In order to compute the expectation of the best-ball of players X and Y at hole i, the 
probability distribution function for the random variable Zi = min(Xi, Yi) is needed. 
Assuming that the random variables Xi and Yi are independent, the probability dis- 
tribution function for Zi is given by 
mi(k) = Prob{Zi = k} = P{Xi = k, Y, > k} + P{Yi = k, Xi > k} 
+ P{Xi = k, Yi = k} = f,(k) {I - Gi(k)} + gi(k){l - F,(k)} 
+ fi(k)gi(k), 
(1) 
and thus the expected value of Zi is 
E(Z) = $, h(k). (2) 
If player X receives h handicap strokes at hole i and player Y receives h’ handicap 
strokes at hole i, the expectation of their handicap best-ball is obtained by applying (1) 
and (2) to the random variables Xi = Xi - h, Y { = Yi - h’. Notice that if h = h’ = 1, then 
E(min(X,, Yi)) = E(min(XI, Y ‘J) + 1. (3) 
The independence assumption made above is not completely realistic since one 
player’s actions certainly influence his partner’s play. However, it is not unrealistic for a 
preliminary analysis, and it simplifies the calculations greatly. 
If player X is to receive h handicap strokes (over the 18 holes) and player Y h’ 
handicap strokes where both h, h’ 5 18, the allocation of handicap strokes to the team 
can be represented by an 18-vector H = (hl . . . his), where hi = 0, 1,2 and 
g hi = h + h’. 
If hi = 0, this represents neither player receiving a stroke at hole i; if hi = 2 this 
represents both players receiving a single handicap stroke at hole i ; if hi = 1, this 
represents the player with the larger handicap receiving a single handicap stroke and the 
player with the smaller handicap receiving no handicap stroke at hole i. If hi = 0, 
Ri(0) = E(min(Xi, Yi)) represents the expected net best-ball at hole i; if hi = 2, Ri(2) = 
E(min(Xi - 1, Yi - 1)) represents the expected net best-ball at hole i; if hi = 1 and h > h’ 
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then R,(l) = E(min(Xi - 1, Yi)) represents the expected net best-ball at hole i. Thus, 
represents the net best-ball for the team under the handicap allocation system H. 
In the next section the effect of the handicap allocation system represented by H on 
the expected net best-ball, R(H), is investigated by finding the maximum and minimum 
possible values of R(H) over all possible allocation systems H. In Sec. 3 these possible 
max and min values for 100 pairs of players are computed. The differences in these 
values illustrate the effect that the handicap stroke location can have on net best-balls. 
2. MAXIMUM AND MINIMUM BEST-BALLS 
In this section a discrete control model is constructed for the optimal handicap stroke 
location in handicap best-ball medal play. The model is somewhat analogous to the 
model for handicap match play developed in Sec. 2 of [4] except that it is somewhat 
more complicated. However, due to the very special structure present in the model, a 
fairly simple algorithm is constructed which gives a solution to the control problem. 
For each positive integer i let Ri be a real-valued function defined on (0, 1, 2}, which 
satisfies [see (3)] 
Ri(0) = Ri(2) + 1. (4) 
In the golf model for handicap best-ball, Ri(0) [Ri(2)] represents the expected best-ball 
at hole i when both players take no (one) handicap stroke and R,(l) represents the 
expected best-ball at hole i when the higher handicap player takes 1 handicap stroke and 
the lower handicap player takes no handicap stroke. Condition (4) is, of course, just (3). 
The only case considered here is where both players have handicaps less than or equal 
to 18; the other case can be reduced to this case by simply considering the random 
variables Xi - 1 or Yi - 1. 
For each positive integer n and nonnegative integers p and 4, such that p + q 5 n, 
consider the following discrete control problem: 
max 2 Ri(hi) = R(H), where H = (h, . . . h,) E R” 
i=l 
P n.p.q subject to hi =O, 1,2 
(number of hi = 1) = p 
(number of hi = 2) = q. 
From the conditions on p and q, it follows that (number of hi = 0) = n-p-q. 
In the golf model, where n = 18, q would be the handicap of the stronger player and p 
would be the difference in the handicaps of the two players. R(H) would then represent 
the expected net best-ball of the team with respect to the particular handicap stroke 
allocation represented by the 18-vector H. 
The discrete control problem Pn.p.q is not of a standard type usually encountered in 
control theory; in particular, the constraints are very unusual. However, due to the very 
special structure of the problem and, in particular, because of condition (4), a fairly 
simple algorithm is given for the (not necessarily unique) solution, The algorithm is very 
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analogous to that given in Theorem 1 of [4]. Before proceeding to present the algorithm, 
the following is required: 
Remark 1. If H is feasible for Pn,p,q with hi = 0 and h,, = 2, then the vector H’ = {hi} 
obtained from H by setting hi = 2, hi = 0, and hi = hi for i# j, k is such that H’ is still 
feasible for Pn,p,q and R(H) = R(H’). This is a direct consequence of (4) and the 
constraints in P,,,,,. In the golf model this is, of course, just the fact that play is medal 
play best-ball so the location of the holes where both players take handicap strokes 
or both do not take handicap strokes is irrelevant to the final best-ball total. Thus, it is 
the location of the holes where the weaker player takes his extra handicap strokes that is 
important in the final net best-ball total. 
THEOREM 2. Set di = Ri(1) - Ri(2) and assume that the {di}/=I are arranged in order so 
that d, 2 d2 2. . . 2 d,. An optimal control for Pn,p,q is H* = {hT}l=,, where hT = 1 for 
i=l... p and the remaining values of hT = 0 or 2 are irrelevant so long as the 
constraints of Pn,p,q are satisfied (see Remark 1). 
Proof. The proof proceeds by induction on n. For n = 1, the result is trivial. Assume 
the theorem holds for 1 i n I k - 1. 
Let H = {hi} be any feasible vector for Pk.p.q. It may be assumed that k > p > 0, since 
otherwise the theorem is trivial by Remark 1. It may also be assumed that q > 0 since if 
q = 0, Theorem 1 of [4] is applicable and yields the conclusion of Theorem 2. (That is, 
when q = 0 the control problem Pk,p,y is equivalent to the control problem Pk., of l4l.J 
Thus, it may be assumed that k > p > 0 and q > 0; consider the following cases: 
Case 1. h, = 1. Then hT = 1, since p 2 1 and 
R(H*)-R(H)=~~(Ri(hl)-R;(hi)). (5) 
It is now clear that the induction hypothesis may be applied to the right hand side of (5) 
by considering the problem P _ k I,p I,q to conclude that R(H*) - R(H) 2 0. 
Case 2. h, = 2. In order for H to satisfy the same constraints as H*, there exists a 
j > p such that hi = 1. Since q > 0, there is an 1 > p such that hT = 2. By Remark 1, it 
may be assumed that h) = 2 since hT = 0 or 2. Thus, 
(f-5) 
= (dl- dj) + & (Ri(hT) - Ri(hi)). 
i#j 
Now the first term on the right hand side of (6) is greater than or equal to 0 by the choice 
of the di. If k > 2, the same is true of the second term on the right hand side of (6) by 
applying the induction hypothesis to the problem Pk_2,pmI,q-l [noting that p - 1 2 0, 
q - 1 L 0, k - 2 z- (p - 1) + (q - l)]. 
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Case 3. h, = 0. Since q > 0, there must be a j such that hj = 2. But then by Remark 1, 
it may be assumed that h1 = 2. This is simply Case 2, and the induction is complete. 
If the two players had their choice of handicap stroke location, they would be 
interested in the control problem where max in Pn,p,q is replaced by min. For future 
reference this problem is referred to as P&,q. From the proof of Theorem 2 it is clear 
that a solution to problem PA,,,, can be obtained by arranging the {d;} so that d, I . . . I d, 
and then constructing I-I* exactly as in Theorem 2. 
In the next section both the max and min net 
players by using Theorem 2. The differences in 
quite conclusively that the location of handicap 
net best-ball. 
best-balls are calculated for particular 
the values of the max and min show 
strokes definitely affects the resultant 
3. CALCULATION OF MAX AND MIN BEST-BALL 
In this section, data are used from actual player’s scores to calculate the max and min 
best-balls by using Theorem 2. The data is based on 20 scores from each of 10 players; 
the same data as was used in [4]. 
Each player’s probability distribution function is approximated by using his 20 scores. 
That is, player X’s probability distribution function at hole i is approximated by 
Pik = Prob{Xi = k} = (number of times X scored k at hole i)/20. These approximate 
probability distribution functions are then used in connection with (2) and Theorem 2 to 
calculate the max and min possible best-balls for each pair of the 10 players. Players A 
through J and their respective handicaps are listed in Table 1. USGA guidelines are 
followed in allocating each player 90% of his handicap. 
Table 2 gives the max and min expected net best-balls for each pair of players when 
each player receives 90% of his handicap. Player X is represented by the left hand 
column and player Y by the top row. The entry in the Xth row and Yth column is an 
ordered pair (M, m), where M(m) is the max(min) possible net best-ball for the pair 
(X, Y). 
The differences of the max and min possible net best-balls in Table 2 illustrate the 
profound effect that handicap stroke location can have on net best-balls. In particular, the 
difference between the max and min for players A and F is a remarkable 1.6 strokes. 
Differences of more than 1 stroke in the table are not uncommon when the player’s 
handicaps are significantly different (this phenomena of spread has been noted previously 
in the studies of [l]; see [2]). The results reflected in Table 2 and the results of [4] clearly 
indicate that the USGA should seriously consider instigating a study of possible 
handicap stroke allocation schemes. 
It should also be noted that Theorem 2 gives an optimal handicap stroke location for 
each of the max and min best-balls as computed in Table 2. However, these stroke 
locations seemed to follow no discernible pattern and, therefore, were not included in 
the table. 
Table 1. 
Player ABCDEFGHIJ 
Handicap 0 4 6 7 10 11 13 15 18 22 
Ta
bl
e 
2.
 
A
 
B 
c 
D
 
E 
F 
6X
.X
 
68
.8
 
67
.8
 
66
.6
 
68
.7
 
67
.3
 
68
.3
 
67
.2
 
68
.1
 
66
.6
 
68
.1
 
66
.5
 
- 
67
.8
 
67
.8
 
68
.4
 
68
 
68
.1
 
67
.5
 
67
.7
 
67
 
61
.7
 
66
.4
 
- 
69
.6
 
69
.6
 
69
 
68
.6
 
68
.9
 
67
.8
 
68
.7
 
67
.5
 
- 
- 
- 
69
.3
 
69
.3
 
68
.6
 
67
.9
 
68
.5
 
67
.3
 
- 
- 
- 
- 
68
.8
 
68
.8
 
68
.3
 
68
 
- 
- 
- 
- 
- 
68
.7
 
6X
.7
 
- 
- 
- 
- 
- 
- 
G
 
68
.4
 
67
 
67
.8
 
66
.2
 
68
.7
 
67
.3
 
68
.6
 
67
.4
 
68
.5
 
67
.7
 
68
.3
 
67
.6
 
69
.1
 
69
.1
 
- - 
H
 
68
.3
 
67
.3
 
67
.8
 
66
.5
 
68
.6
 
67
.5
 
68
.7
 
67
.1
 
68
.4
 
67
.5
 
68
.3
 
67
.3
 
68
.7
 
68
.2
 
69
 
69
 
- 
1
 
69
.2
 
68
.4
 
68
.7
 
67
.7
 
68
.7
 
67
.4
 
68
.3
 
67
.6
 
69
.6
 
68
.2
 
69
.3
 
68
.3
 
69
.5
 
68
.2
 
69
.1
 
67
.9
 
69
.3
 
68
.1
 
68
.9
 
67
.8
 
69
.2
 
68
.1
 
68
.8
 
67
.1
 
69
.5
 
68
.4
 
69
 
67
.1
 
69
.5
 
68
.8
 
69
.2
 
67
.9
 
71
 
71
 
70
 
69
.3
 
J 
J 
- 
- 
- 
- 
- 
- 
- 
- 
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